Implementing Wilsonian renormalization group transformations in an iterative way, we develop a non-perturbative field theoretical framework for strongly coupled quantum theories, which takes into account all-loop quantum corrections organized in the 1/N expansion. Here, N represents the flavor number of strongly correlated quantum fields. The resulting classical field theory is given by an effective Landau-Ginzburg theory for a local order parameter field, which appears in onedimensional higher spacetime. We confirm the non-perturbative nature of this field theoretical framework for the Kondo effect. Intriguingly, we show that the recursive Wilsonian renormalization group method can explain non-perturbative thermodynamic properties of an impurity, consistent with Bethe ansatz for the whole temperature region.
I. INTRODUCTION
Non-Fermi liquid physics near metallic quantum criticality [1, 2] , nature of metal-insulator transitions [3] , emergence of exotic quantum liquids in the vicinity of heavy-fermion quantum criticality [4, 5] , and physics of rare events in strongly disordered systems [6] are all beyond the perturbative theoretical framework. Simply speaking, we do not have a theoretical framework on how to calculate correlation functions for these problems. The AdS d+2 /CFT d+1 duality conjecture [7] [8] [9] [10] [11] [12] [13] with a spatial dimension d claims to solve these problems in a nonperturbative way. We may translate this duality conjecture in the version of condensed matter physics as follows: Putting Landau-Ginzburg effective field theories on curved spacetime manifolds with an extra dimension and solving classical equations of motion for order parameter fields with Einstein's equations of motion for metric components, one can find not only ground states but also correlation functions non-perturbatively.
This remarkable conjecture appealed to both highenergy and condensed matter physics communities [14] . Superconductivity in strongly correlated electrons [15] , the Kondo effect [16] [17] [18] [19] , non-Fermi liquids [20] , fractional quantum Hall phases [21] , and metal-insulator transitions [22] have been discussed within the holographic duality conjecture. Even experimental data have been compared with theoretical results of this nonperturbative framework [23] . However, it is completely unknown the connection between ultraviolet (UV) degrees of freedom in strongly coupled quantum field theories and infrared (IR) emergent fields in weakly correlated classical field theories on curved spacetimes with an extra dimension. In particular, the role of the emergent extra dimension in non-perturbative solutions of strongly coupled quantum field theories remains speculative, resulting in the impression that physical perspectives are unclear in the holographic description.
In this study, we propose one concrete realization of the holographic duality conjecture, implementing Wilsonian renormalization group transformations [24] in a recursive way. In other words, starting from an effective ultraviolet (UV) boundary quantum theory, we derive its corresponding infrared (IR) bulk classical field theory, which appears naturally in one-dimensional higher spacetime. It turns out that the emergent extra dimension can be identified with an energy scale of the renormalization group transformation. We show that an effective bulk equation of motion encodes all-loop quantum corrections through the extra dimension, organized in the 1/N expansion [25] , where N represents the flavor number of strongly correlated quantum fields. Applying this recursive Wilsonian renormalization group method to the Kondo problem [26] , we succeed in describing the crossover regime from a weakly correlated local moment fixed point at high temperature to a strongly coupled local Fermi-liquid fixed point at low temperature in a nonperturbative way, where the characteristic energy scale is given by the Kondo temperature. Impurity thermodynamics in our non-perturbative description is qualitatively well matched with the Bethe ansatz for the Kondo effect [27] .
We would like to point out that our way how to implement Wilsonian renormalization group transformations in a non-perturbative way is parallel to that of S.-S. Lee's approach [28] : Wilsonian renormalization group transformations give rise to double-trace operators, but such interaction terms are translated into single-trace operators with appropriate order parameter fields through the Hubbard-Stratonovich transformation, where these order parameter fields are classical variables. However, there exist two essential different aspects between these two formulations: First, the previous study takes into account renormalization group transformations in real arXiv:1705.06571v6 [hep-th] 19 Feb 2019 space while the present study implements them in momentum space. Second, the previous emergent gravity description recovers the result of a mean-field theory for the O(N) vector model in the large−N limit while our non-perturbative field theoretical framework gives rise to resummation of higher-order quantum corrections for the Kondo effect beyond the result of a mean-field theory. Involved with the first issue, the former starts from an insulating UV fixed point, where the kinetic-energy term to describe hopping of electrons is considered as a perturbation at the UV fixed point. On the other hand, we start from a metallic UV fixed point, where interaction terms are taken into account as perturbations at the metallic fixed point. It is certainly easier to see the connection between the field theoretical approach and the emergent gravity formulation since both field theoretical and gravity descriptions are based on the same UV fixed point. This is the reason why the present study could reveal physics of the extra dimension clearly. Associated with the second issue, bulk fields identified with order parameter fields are integrated out, responsible for higher-order quantum corrections. On the other hand, such bulk fields are taken into account as background fields, and thus a mean-field theory is reproduced in the previous approach. To integrate over bulk degrees of freedom is an essential ingredient of our present study beyond all existing investigations. We point out recent developments in the derivation of the holographic duality conjecture from field theoretical perspectives based on how to implement Wilsonian renormalization group transformations [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] .
Recently, we proposed an emergent geometric description for a topological phase transition in the Kitaev superconductor model, which allows us to extract out an emergent metric structure [47] . Based on the Ryu−Takayanagi formula with such a metric tensor [48] , we calculated holographic entanglement entropy. Interestingly, it turns out that this entanglement entropy reproduced the Cardy's formula [49] perfectly not only at but also near the quantum critical point [47] .
The present manuscript is organized as follows. We start from a strongly coupled quantum mechanics theory to describe the Kondo problem, introduced in section II. Resorting to the Wilsonian renormalization group analysis, we find an effective classical field theory in the large N limit. Here, N corresponds to the number of flavors, more precisely, the spin degeneracy. It turns out that this novel large N classical theory appears in one dimensional higher spacetime, given by (1 + 1)D LandauGinzburg-type quantum field theory for the hybridization order parameter. The emergence of this large N classical field theory in one dimensional higher spacetime is the holography structure in this study. This is one of the main points in our study, introduced in section III A. Based on this effective classical field theory in (1 + 1)D, we investigate thermodynamic properties of this Kondo problem for the range of whole temperatures. We compare both specific heat and spin susceptibility for the impurity dynamics from our emergent holographic description with Bethe ansatz results, discussed in section III B. An essential point is that our renormalization group procedure seems to be one path integral reformulation for the Wilsonian numerical renormalization group structure, where the whole procedure is discussed in sections IV A, IV B, and IV C. The connection between our path integral formulation and the numerical renormalization group method has been discussed in section IV E. This serious comparison, in spite of "speculative", reveals the origin for the emergence of the extra dimension. In particular, we demonstrate explicitly that the evolution of the local order parameter through the extra dimension introduces quantum corrections order by order reorganized in the 1/N expansion for the boundary quantum mechanics theory. See section IV D. Our path integral reformulation shows that summing up such quantum corrections non-perturbatively in the all-loop order gives rise to a novel large N field theory in the holographic structure. Section V discusses how to calculate the thermodynamics in the Kondo problem from our holographic dual field theory. One important question which remains is how we find a structure of curved spacetime in this effective classical field theory. This curved nature of spacetime turns out to be essential to encode effects of strong correlations in the original conjecture for holography. In sections VI A, VI B, and VI C, we discuss how to extract out an emergent metric structure from this effective classical field theory. Unfortunately, this translation from a field theory to an Einstein equation has not been resolved clearly in the present study. The research direction for geometric translation deserves further serious investigations. Section VII concludes this study with detailed summary.
II. THE KONDO PROBLEM: AN EFFECTIVE QUANTUM-MECHANICS THEORY FOR THE KONDO EFFECT
The meaning of the Kondo problem is as follows. An impurity spin is weakly correlated with itinerant electrons at high temperatures and thus, the perturbation theory works perfectly well above the Kondo temperature. On the other hand, spin flip scattering become stronger due to the nonabelian nature of effective interactions, decreasing temperature to approach the Kondo temperature. Finally, the effective interaction parameter renormalizes to diverge at the Kondo temperature. As a result, the perturbation theory breaks down below the Kondo temperature. The Kondo problem is how to describe the strong coupling fixed point, starting from the weak coupling fixed point, which is certainly beyond the perturbative theoretical approach.
We start from the path-integral representation for the is the electron Green's function with the density of states N F . If we perform the saddle-point approximation for the hybridization order parameter, we obtain a meanfield theory for the Kondo effect [26] . Unfortunately, this mean-field theory gives rise to a continuous phase transition, regarded to be an artifact of the mean-field theory. In order to overcome this artifact, 1/N corrections have been introduced into the mean-field theory [25] . It turns out that the hybridization order parameter vanishes due to 1/N corrections. On the other hand, the local Fermi-liquid physics has been claimed to be still preserved, demonstrated by thermodynamic properties.
In this study we propose how to solve this strongly coupled quantum mechanics problem in a non-perturbative way, where the meaning of the non-perturbative way will be clarified in subsection IV D.
III. MAIN RESUTLS
A. An effective Landau-Ginzburg field theory for the Kondo effect: Emergence of an extra dimension
We find an effective field theory
Here, Z h is the partition function, which results from contributions of high-energy fluctuating fields in the Wilsonian renormalization group approach. z is an extra dimension, where z f → 1/Λ corresponds to the lowenergy limit. In the Wilsonian renormalization group approach, high energy fluctuations in the momentum space of Λ − dΛ < k < Λ are integrated out to renormalize the dynamics of low-energy excitations. It turns out that dz is identified with dΛ/Λ 2 . v F is the Fermi velocity and Λ c (Λ b ) is the high-momentum (high-frequency) cutoff of conduction electrons (hybridization order parameter) in the Wilsonian renormalization group analysis. All details are in section IV. We point out that the saddle-point approximation for the hybridization order parameter is taken into account, essentially the same as its Gaussian integration. As a result, we obtain an effective LandauGinzburg field theory for the hybridization order parameter after the Gaussian integration of the fermion variable, which appears with an extra dimension. Below, we claim that this effective field theory introduces not only 1/N but also quantum corrections of all orders in the 1/N expansion.
Considering the variation of an effective energy functional with respect to b(τ, z), we obtain an equation of motion for the hybridization order parameter field
In addition, we can also obtain the similar relation for b(τ, z) with an additional minus sign, which corresponds to the Hermitian conjugation of Eq. (9). The above equation represents the diffusion equation in one dimension. Appearance of the diffusion equation in this extra dimension has interesting physical implication, which will be discussed in section V.
The UV boundary condition is given by
where the linear derivative in z results from the boundary term of the second-order derivative in z. The IR boundary condition is
where the spinon Green's function
given by the solution of
T τ is the time-ordering operator and the spin summation is not performed. The Lagrange multiplier is determined by the spinon number-constraint
where iλ is replaced with λ for the saddle-point analysis.
We solve these coupled equations [Eqs. (9) , (10), (11) , and (13) with Eq. (12)] in section V after presenting the derivation of our effective Landau-Ginzburg field theory with an extra dimension in section IV.
B. The Kondo effect in the non-perturbative field theoretical framework: Impurity thermodynamics
It is interesting to observe that the effective LandauGinzburg theory of Eq. (8) allows the saddle point approximation for the hybridization field b(z, τ ) in the large−N limit, giving rise to Eqs. (9) , (10) , and (11) . Surprisingly, this large−N limit can describe the nonperturbative physics of the Kondo effect, as will be shown below. In other words, summing all loop quantum corrections organized in the 1/N expansion gives rise to completely a different large−N effective Landau-Ginzburg theory, the large−N limit of which describes a nonperturbative saddle point.
Solving the classical diffusion equation of Eq. (9) with both boundary conditions of Eqs. (10) and (11), and substituting the solution into Eq. (8), we find an effective free energy functional for the Kondo effect, the most singular part of which is given by
Here, the Gaussian integration for the spinon variable in Eq. (8) has been performed.
is an effective diffusion coefficient of Eq. (9), and C and α are constants of the hybridization order parameter field determined by self-consistent equations [Eq. (60) ]. This expression implies that an effective Kondo temperature is
where C is the solution of Eq. (61). It is straightforward to obtain the specific heat coefficient γ imp (T ) and the impurity spin susceptibility χ imp (T ), given by
and
In the zero temperature limit, we have
typical for the Kondo effect [26] . Indeed, we reproduce the local Fermi-liquid physics, given by the Wilson ratio at zero temperature At finite temperatures, we solve Eq. (61) and perform the ω-integration in Eqs. (16) and (17) numerically. Details are shown in Sec. V. Figure 1 shows that our effective field theory describes the crossover behavior from the decoupled local moment fixed point to the local Fermi-liquid fixed point quite successfully. In order to confirm this aspect, we compare our results with the Bethe ansatz solution for the single impurity Kondo model [26, 27] . See Fig. 2 . Although both the high and low temperature limits in the impurity thermodynamics coincide between our non-perturbative effective field theory and the Bethe ansatz, there exist discrepancies in the vicinity of the Kondo temperature, i.e., the crossover regime. We point out that the renormalization group transformation does not take into account the wave-function renormalization for the impurity fermion variable, as will be discussed below. We suspect that this poor men's scheme for renormalization is responsible for such discrepancies. 
IV. DERIVATION OF THE NON-PERTURBATIVE FIELD THEORY WITH AN EXTRA DIMENSION FOR THE KONDO EFFECT: CONTINUOUS APPLICATIONS OF WILSONIAN RENORMALIZATION GROUP TRANSFORMATIONS A. The first iteration of Wilsonian renormalization group transformations
We recall Eq. (5)
where the superscript (0) has been introduced into the hybridization order parameter. An essential point of the present study is introducing quantum corrections into the mean-field theory through continuous applications of Wilsonian renormalization group transformations. However, it is not straightforward to deal with discrete spectrum at finite temperatures in the renormalization group analysis. In order to implement Wilsonian renormalization group transformations beyond the mean-field theory, we focus on the zero temperature limit, i.e., β → ∞ as follows
Here, we still work in the Euclidean time.
To prepare for the Wilsonian renormalization group transformation, we separate all field variables into lowand high-energy degrees of freedom. For the conduction electrons, we set
where Λ c is a momentum cutoff and k is a momentum transverse to the Fermi surface. More precisely, we con-
Fermi velocity. High−energy electron fields living within the momentum window of Λ c − dΛ c < |k| < Λ c are integrated over to renormalize hybridization fluctuations. Low− and high− energy degrees of freedom for spinon, holon (hybridization), and spinon chemical potential are given by
, essentially the same as the case of electron fields but in the frequency space. All integral regions given by dΛ c , dΛ f , dΛ b , and dΛ λ are set to be equal, i.e., v
Integrating over high-energy variables and taking rescaling of all low-energy fields to return the cutoff into an original value, we obtain
Compared to Eq. (20), the integration over high-energy fields gives rise to the last three terms in the effective action with the multiplication of a factor W h into the partition function. Here, W h is the partition function of high−energy degrees of freedom. Coefficients are given by g c = 2
. An essential aspect of this effective field theory is that locality in time is preserved in spite of the Wilsonian renormalization group transformation. Since this is an important point in the present study, we discuss this issue more carefully.
Consider the Kondo vertex with the high-energy mode of the b-field
Performing the Gaussian integration for high-frequency holon (hybridization) fields in the second cumulant, we obtain
where
N is the high-frequency holon propagator and b ≈ 1 + δΛ/Λ. Rescaling the frequency ω → ω/b, the cut off is restored to Λ b , which results in
Here, we neglect higher order terms in dΛ. Fourier transforming to the time domain, we obtain
An essential point is that the fast oscillating term given by e ±iΛ b (τ −τ ) enforces the locality in the Kondo vertex.
One can show that the locality also holds for the other potential scattering term in the same way. g
originates from the integration of high-frequency spinon variables in the Kondovertex term. This renormalization gives rise to nonmagnetic potential scattering for low-energy electron fields, which has nothing to do with the Kondo effect.
The time derivative in
comes from the propagator of high-energy conduction electrons. Consider the Kondo vertex with the highenergy mode of the c-field
Similar to the previous case, performing the integration for high−momentum conduction electron fields in the dΛ → 0 limit and rescaling all low-frequency fields to recover the cutoff into an original value, we obtain
is the high−momentum electron propagator and ω v F Λ c has been utilized from the second equality to the third [50] . We note that the integration of the high−frequency spinon-chemical potential variable λ h ω−ω has not been introduced in this renormalization group procedure since this chemical potential renormalization for spinons does not give any serious effects on the Kondo effect. Of course, one can take into account its role in principle. Except for this aspect, our renormalization group procedure should be regarded as an "exact" one up to the linear order of dΛ, where higher powers of dΛ are all neglected. Actually, dΛ is the control parameter in the integration procedure for high−energy degrees of freedom. The same strategy can be found in the functional renormalization group procedure [51] .
To finalize the first iteration of Wilsonian renormalization group transformations, we approximate
is involved with wavefunction renormalization for the spinon variable. Here, we do not take into account the wave-function renormalization for the spinon variable. In this respect this derivation is a poor man's version [26] .
Inserting this time-derivative term for holon fields into the above partition function, Eq. (22), and performing Hubbard-Stratonovich transformations with appropriate order parameters, we obtain
Here,
is introduced into the above expression, where the canonical conjugate variable ϕ
(1) (τ ) plays the role of a Lagrange multiplier to impose this constraint. In the same way
is taken into account with its canonical conjugate pair
In the above expression we defined
(1) (τ ) and changed the integration field from b (0) (τ ) to b (1) (τ ).
B. Continuous applications of Wilsonian renormalization group transformations
One may repeat the previous renormalization group procedure: Separating low-and high-energy degrees of freedom for electron fields and others with the superscript index (1), integrating over high-energy fields, and taking rescaling of all low-energy fields to return the cutoff into an original value, he/she will find the following expression of the partition function
Note that, as before, we have three terms in the last line with the same coefficients, g c , g Neglecting the wave-function renormalization for the spinon variable and implementing Hubbard-Stratonovich transformations with appropriate order parameters once again, we find
where the integration field is changed from
. Now, it is straightforward to implement Wilsonian renormalization group transformations continuously. As a result, we obtain
The final step is changing the integration fields from b (f ) (τ ) and δb (w) (τ ) with w = 1, · · · , f to b (0) (τ ) and
δb (n) (τ ) with w = 1, · · · , f . As a result, the partition function and the effective action become
C. Emergence of an extra dimension
In order to confirm the emergence of an extra dimension, we reformulate the previous expression of the partition function as follows. First, we consider
where a uv is a length scale of UV cutoff, regarded to be lattice spacing in the z-direction. In the last line of the equation, we took into account n(τ, z = wa uv ) = n (w) (τ ) and ϕ(τ, z = wa uv ) = ϕ (w) (τ )/a uv . The upper limit of the integration is z f = f a uv . Second, we consider . Then, we have 1/g b h ∝ a uv /dΛ. We also point out that all these calculations are controlled in the dΛ → 0 limit. In order to define Eq. (36) consistently in this controllable limit, we are forced to take the equation of a uv = c uv dΛ, where c uv is a positive constant, set to be c uv = 1 for simplicity. Identifying dΛ with dz, i.e., dΛ = dz = a uv , we haveg
. Equivalence between dΛ and dz indicates that the extra dimension may be regarded as the scale of renormalization group transformations. As a result, we reach the following expression for the partition function of the Kondo effect
Here, other fields and couplings are taken into account similarly as ρ(τ, z = wa
Focusing on the Kondo effect, where non-magnetic potential scattering for electrons is neglected, we can simplify the above as
Working out the path integral of Dϕ(τ, z), we obtain n(τ, z) = f † σ (τ )f σ (τ ) = N S with the introduction of the number constraint. Taking the path integral of Dc σ (k, τ ), we obtain the final expression of the partition function for the Kondo effect
where the electron propagator is recalled as
in the frequency space. The spin summation is not performed. This effective action, Eq. (39), is one of the main results in this study, shown in Sec. III A.
D. The role of the extra dimension in the effective
Landau-Ginzburg field theory: Introduction of quantum corrections of all orders in the 1/N expansion Based on the demonstration of this subsection, we claim that the effective Landau-Ginzburg field theory Eq. (8) takes into account quantum corrections of all orders in the scheme of the 1/N expansion.
Discretization
In order to figure out the role of the emergent extra dimension in the effective Landau-Ginzburg field theory, we discretize the z−coordinate as follows
As clarified in subsection IV C, dΛ f w=1 corresponds to
dz . Taking the f = 0 limit, it is straightforward to see that this effective field theory is reduced to the meanfield theory
Performing the Gaussian integration for the fermion variable, we obtain an effective partition function in the large-N limit
Here, F [b 0 (τ )] is the mean-field free energy for the Kondo effect. It is easy to find the mean-field equation for the hybridization order parameter [26] .
Quantum corrections up to the 1/N order
Now, we take f = 1. Introducing
into the effective Landau-Ginzburg field theory, we obtain
This effective partition function gives rise to coupled equations for both hybridization order parameters of b 0 (τ ) and δb 1 (τ ). Solving the equation for δb 1 (τ ), one represents it as a function of b 0 (τ ). Inserting this expression into the equation for b 0 (τ ), we obtain an equation
for the hybridization order parameter b 0 (τ ) with the introduction of quantum corrections in the 1/N expansion.
Equivalently, we perform the Gaussian integration for the δb 1 (τ ) variable, and obtain
Finally, the Gaussian integration of the fermion variable results in the effective action
is the effective action in the large−N limit, which results from the integration of the spinon variable and gives rise to the mean-field equation.
is the 1/N correction for the effective free energy, which comes from the integration of the fluctuating hybridization order parameter δb 1 (τ ) and leads the hybridization order parameter b 0 (τ ) to vanish beyond the mean-field approximation [25] . The last part of
describes a shift of the order parameter from the original mean-field value in the presence of the 1/N correction. It should appear with self-consistency. However, this shift term is not taken into account usually for the analysis without self-consistency, which is also in the order of 1/N .
Quantum corrections up to the 1/N 2 order
We consider f = 2. Introducing
Now, we have three coupled equations for b 0 (τ ), δb 1 (τ ), and δb 2 (τ ). Performing Gaussian integrals for δb 1 (τ ) and δb 2 (τ ), we obtain an effective action
is the 1/N 2 correction in the effective action, in particular, the last term in the logarithm. ∆S 1/N 2 is a shift term in the 1/N 2 order, which will not be shown here due to its complex expression.
A non-perturbative large N effective field theory
It is remarkable to obtain a non-perturbative large N effective field theory with an emergent extra dimension, summing all loop quantum corrections organized in the 1/N expansion. Frankly speaking, we do not understand why this non-perturbative large N effective field theory with an emergent extra dimension should arise from our recursive Wilsonian renormalization group transformations. Furthermore, we do not have a clear physical picture on how this recursive Wilsonian renormalization group transformation method takes into account such non-perturbative physical effects. It is necessary to understand the mathematical structure more deeply. One cautious person may point out several correspondences between the Wilson's numerical renormalization group approach and our recursive Wilsonian renormalization group method. Actually, we believe that our recursive Wilsonian renormalization group method can be regarded to be one mathematical reformulation of the Wilson's numerical renormalization group analysis in the path integral representation. The Wilson's numerical renormalization group analysis consists of (a) Division of the energy support of the bath spectral function into a set of logarithmic intervals, (b) Reduction of the continuous spectrum to a discrete set of states (logarithmic discretization), (c) Mapping of the discretized model onto a semi-infinite chain, where an impurity lies at one end and effective bath fermions appear in the other side, (d) Iterative diagonalization of this chain, increasing the size of the chain and attaching bath fermions into the original chain, and (e) Further analysis of the many-particle energies, matrix elements, etc., calculated during the iterative diagonalization, which yields information on fixed points and static and dynamic properties of the quantum impurity model [52] . On the other hand, recursive Wilsonian renormalization group transformations are performed in the fol-lowing way. (1) We introduce an order parameter field to diagonalize the corresponding effective Hamiltonian in the saddle point approximation. (2) We separate slow and fast degrees of freedom for all variables, including order parameter fields. (3) Integrating over fast degrees of freedom to renormalize the dynamics of slow degrees of freedom and rescaling both the UV cutoff to return to its original value and all slow functional variables to make the resulting effective action invariant, we finish the first iteration procedure of the Wilsonian renormalization group analysis, where effective interactions still exist for slow degrees of freedom. (4) To deal with these effective interactions, we perform the Hubbard-Stratonovich transformation once again and obtain an effective theory with essentially the same order parameter field but in the second iteration step. (5) We repeat exactly the same procedures of (2) and (3) and find an effective theory in terms of slower degrees of freedom after the second iteration procedure. This procedure gives rise to recursive renormalization group transformations, where a renormalized (hybridization) order parameter in the first depth is utilized to renormalize the (hybridization) order parameter in the second depth. This recursive structure of renormalization group transformations is responsible for the introduction of all-loop quantum corrections, organized in the 1/N expansion. Now, let's make correspondences between the Wilson's numerical renormalization group approach and the recursive Wilsonian renormalization group method. The logarithmic discretization procedure (a) and (b) may be identified with the separation of slow and fast degrees of freedom with a logarithmic cutoff (2), regarded to be a typical procedure of the Wilsonian renormalization group transformation. (c) Mapping of the discretized model onto a semi-infinite chain corresponds to (1) & (4) the introduction of an order parameter field through the Hubbard-Stratonovich transformation, regarded to be a way for matrix diagonalization. Although both (c) and (1) In the Wilson's numerical renormalization group approach, one diagonalizes the effective semi-infinite chain Hamiltonian with the size N , where an impurity lies at one end and effective bath fermions appear in the other side. Then, one attaches effective bath fermions into the chain Hamiltonian of the size N at the N + 1 site, where an effective hopping integral is reduced in a logarithmic way and determined by the mapping procedure of the discretized model onto a semi-infinite chain. Now, one can diagonalize the N +1 effective chain Hamiltonian and obtain the flow of the eigenvalue as a function of the size N . During this diagonalization procedure, one may perform truncation to reduce the size of the total Hilbert space for the exact diagonalization. We argue that this numerical renormalization group structure is in parallel with the present recursive renormalization group transformation. In particular, the renormalized (hybridization) order parameter in the (f −1)th iteration is utilized to renormalize the (hybridization) order parameter in the f th iteration, where the exact diagonalization procedure of the numerical renormalization group analysis corresponds to the integration of high-energy modes of all field variables in the dΛ → 0 limit. In this respect the size of the effective chain Hamiltonian may be identified with the emergent extra dimension of the recursive renormalization group method.
Unfortunately, the above discussion is qualitative or speculative. To make the correspondence more quantitatively, we need to construct recursion equations for two successive eigenvalues and eigenstates between the N th and (N + 1)th effective chain Hamiltonians in the numerical renormalization group structure. Then, we may perform the continuation of the size variable and obtain non-perturbative renormalization group flows in the numerical renormalization group method. One may find a structure of the holographic duality conjecture in these recursion equations along the emergent extra dimension, compared with the present theoretical framework. This would be an interesting future direction of research.
V. THE KONDO EFFECT IN THE NON-PERTURBATIVE FIELD THEORETICAL FRAMEWORK
The mean-field theory for the Kondo effect describes the local-Fermi liquid fixed point well, where the hybridization order parameter becomes finite below the Kondo temperature [26] . On the other hand, it gives rise to a second order phase transition, which should be regarded as an artifact of the mean-field theory. Introducing quantum corrections at the leading order of the 1/N expansion into the mean-field theory, the hybridization order parameter turns out to vanish for all temperatures, where the nature of the local Fermi-liquid fixed point is not perfectly clarified [25] .
We claim that this non-perturbative physics would be encoded into our effective Landau-Ginzburg description for the Kondo effect beyond the 1/N framework, where the evolution of the hybridization order parameter is given by the diffusion equation in the emergent spacetime with an extra dimension. Given the UV boundary condition Eq. (10), renormalization of the hybridization order parameter occurs through the diffusion equation Eq. (9) . Finally, the diffusive evolution matches or is constrained by the IR boundary condition Eq. (11) . In particular, the diffusive dynamics along the direction of the extra dimension would erase the memory of the emergent low-energy degrees of freedom, giving rise to shortrange correlations in time. It turns out that this scale determines the Kondo temperature.
A. Solution for the non-perturbative renormalization group equation: Hybridization order parameter
We recall Eq. (9)
may be identified with an effective diffusion constant. We consider
as a trial solution of this effective diffusion equation. A, B, and C will be determined by both UV and IR boundary conditions. The UV boundary condition Eq. (10) fixes the relation between A and B. As a result, we obtain
Applying the IR boundary condition Eq. (11) into this solution, we obtain
Performing the Fourier transformation in Eq. (12), we find
Inserting the spinon Green's function into Eq. (56), we obtain
which determines C. Below, we show that the amplitude B of the hybridization order parameter is scaled out. The constraint equation is given by
which determines λ. We recall S = 1/2.
coupled equations, one can show that B disappears as follows
These coupled equations describe the Kondo effect in a non-perturbative way. The second equation of Eq. (60) leads to λ = C for all temperatures. This is due to the condition of half filling with particle-hole symmetry. Inserting this relation into the first equation of Eq. (60), we obtain
In order to solve this order-parameter equation at finite temperatures, we set the cutoff z f = f dΛ as z f = Λ − T with Λ T . The renormalization group procedure should be terminated at a given temperature. This finitetemperature termination is introduced into the cutoff phenomenologically. However, it turns out that the reduction effect is not serious as long as Λ T .
Solving this equation, we obtain C as a function of temperature as shown in Fig. 3 , where the temperature axis is scaled by the Kondo temperature. Considering the self-energy correction in the spinon's Green's function, it is natural to take the Kondo temperature as
where C 0 is the solution of Eq. (61) at T = 0. Figure  3 shows that C is nearly constant at low temperatures less than the Kondo temperature and gradually increases above the Kondo temperature.
B. Impurity thermodynamics
Performing the Gaussian integration for the spinon variable in the effective Landau-Ginzburg field theory Eq. (8) and introducing the non-perturbative solution Eq. (55) of the hybridization order parameter into the effective Landau-Ginzburg field theory Eq. (8), we find the free energy functional for the Kondo effect as follows
Here, the hybridization order parameter field is determined by its self-consistent equations [Eq. (60)]. In order to figure out thermodynamics of the Kondo effect, we focus on the most singular sector, given by
which is nothing but Eq. (14) . This expression implies that the effective Kondo temperature is
as discussed earlier. Based on this effective free energy functional, we describe non-perturbative thermodynamics in this exactly screened Kondo problem, as discussed before. Then, it is straightforward to read the corresponding energy as follows 
Inserting the non-perturbative solution Eq. (55) for the hybridization order parameter into the above expression and performing the Fourier transformation into the frequency space, we obtain
We already saw the right hand side in Eq. (58). Using this result, we obtain
We recall
The Ward identity in Eq. (70) represents the renormalization group flow of the boundary quantum field theory, which describes the relationship between physical quantities at the renormalization scale z f . The effective metric γ 00 f at the energy scale z f can be determined by solving this Ward identity if we know other quantities such as T f 00 , β f , and O f , actually given by equations of motion and IR effective field theory. One thing we should note is that the renormalization group flow must satisfy the Ward identity regardless of the renormalization scale z f . This fact implies that we can see how γ 00 f changes as the renormalization scale runs from the UV to IR scale. From the holographic point of view, the radial coordinate of the dual geometry can be matched to the energy scale of the dual field theory. More precisely, when the boundary of the dual geometry is located at z f , the dual field theory is defined at the renormalization scale z f and the effective metric γ 00 f corresponds to the metric of the boundary spacetime. Therefore, the renormalization group flow of the dual field theory can be understood by changing the boundary position on the dual geometry side [11, 12] .
B. How to find bulk metric
The next question is how to find the bulk metric consistent with the boundary metric given by the HamiltonJacobi formulation. Frankly speaking, we do not know how to figure out the bulk metric in the Hamilton-Jacobi formulation. Here, we propose another way and discuss consistency with the induced boundary matric.
We recall an effective bulk action
which describes the evolution of the hybridization order parameter as a function of an energy scale. A mass parameter M 2 has been introduced, the reason of which will be discussed below.
Our strategy is to compare this effective bulk action with the canonical form of a spin 0 bosonic field theory on a curved spacetime and to read out both metric components of g τ τ and g zz . Unfortunately, our effective action contains a linear time-derivative term. Since the canonical form of the spin 0 bosonic field theory on a curved spacetime does not take the linear time-derivative term, we cannot compare our effective action with the canonical form of general covariance. In this respect we consider a reformulation with UV completion for this nonrelativistic effective action. We consider the following VII. SUMMARY Our emergent holographic description with an extra dimension turned out to be a Landau-Ginzburg theory of local order parameter fields, renormalized by quantum corrections and described by Wilsonian renormalization group transformations. The extra dimension is identified with the number of iterations of renormalization group transformations. Here, we derived an effective field theory of a hybridization order parameter field for the Kondo effect, living on the spacetime with an extra dimension given by Wilsonian renormalization group transformations. In order to reveal the physics of this extra dimension, we took the limit of z f = dz −→ 0 and showed that the resulting equation of motion for the hybridization order parameter is reduced into that of a mean-field theory with leading quantum corrections in the 1/N expansion of the field theoretical approach, where N is spin degeneracy. This demonstration not only serves as a solid background of the present approach but also implies a non-perturbative framework with full quantum corrections in the z f −→ ∞ limit.
It was rather unexpected to observe that the locality of the effective field theory is preserved in recursive Wilsonian renormalization group transformations. It is natural to expect the appearance of nonlocal interactions in the Wilsonian renormalization group transformation. Indeed, nonlocal effective interactions arise generically. However, we find that such effective interactions depend on the UV cutoff, where nonlocal correlations vanish in the infinite limit of the UV cutoff. In other words, nonlocal correlations can be expressed as local terms through the gradient expansion when the UV cutoff is large enough.
Based on this effective field theory, we obtained a classical equation of motion in the large N limit, which describes how the hybridization order parameter field evolves as a function of the energy scale, identified with the extra dimension. In addition to this equation of motion, UV and IR boundary conditions were naturally constructed to fix the resulting configuration of the hybridization order parameter field in the extra dimension unambiguously. Solving these coupled equations of motion, we found the hybridization order parameter field as a function of both time and the energy scale of the extra dimension. It turned out that this solution reproduces the local Fermi-liquid fixed point in the absence of any phase transitions at finite temperatures. In addition, we investigated thermodynamic properties in more details, and compared them with those of the Bethe ansatz method. As a result, we could show that our nonperturbative theoretical framework is consistent with the essentially exact solution, which describes the crossover behavior from the decoupled local moment fixed point to the local Fermi-liquid fixed point quite successfully. This reflects the non-perturbative nature of our formulation.
We also discussed how to extract out an emergent metric structure from this effective field theory. Resorting to the Hamilton-Jacobi formulation derived from our effective free-energy functional, we could read the β−function for the evolution of the hybridization order parameter and its vacuum expectation value. It turned out that the Callan-Symanzik equation for the effective free energy just reformulates our coupled equations of motion, i.e., the bulk equation of motion for the order parameter field and the UV and IR boundary conditions, which confirms the internal consistency of our formulation. Based on this reformulation, we could find an induced metric.
Finally, we compared our recursive Wilsonian renormalization group structure with the Wilson's numerical renormalization group method. In particular, we argued that recursive Wilsonian renormalization group transformations are in parallel with the recursive exact diagonalization procedure of the numerical renormalization group structure. As a result, we identified the size N of the numerical renormalization group transformation with the emergent extra dimension z of our recursive renormalization group transformation. This implies that the theoretical framework of recursive renormalization group transformations can be applied to various problems of strongly correlated systems as the numerical renormalization group method does. In particular, it would be interesting to apply the present theoretical framework to various Kondo problems such as the case of overscreening and the presence of competing Hund interactions. Furthermore, the correspondence between the recursive Wilsonian renormalization group structure and the Wilson's numerical renormalization group method should be more clarified based on the analytic construction for recursion equations of renormalization group flows in the numerical renormalization group structure.
